Introduction
There are two basic problems in machine tool motion control: positioning and tracking. For positioning, the work piece and/or the cutter are moved from one position to another, mostly as fast as possible, while the transient trajectory is not specified. In tracking control, on the contrary, the movement of the work piece and/or the cutter are forced to follow a specified trajectory at a specified speed. These are two different problems in that, for positioning, reaching the steady state of the control system in a fast, but controlled way is the main design consideration, while for tracking, minimizing the instantaneous deviation from the programmed trajectory is the main design consideration. In this paper, a robust controller is designed for the tracking problem.
A controller which drives the system states to the origin of the state space from any initial state is referred to as a regulator. Most regulation problems are solved with feedback control. The positioning problem in motion control is usually dealt with by introducing an integral action or by constructing an error state space system, which transforms the problem into a regulation problem. Both strategies may not be suitable for the tracking problem because the feedback loop will introduce some phase lag, which is detrimental for trajectory tracking. Feedforward control is an appropriate technique to compensate this phase lag in a tracking control system.
A perfect tracking controller ͑PTC͒ can be designed by feedforward if the plant model G(z) is exactly known and contains no unstable zeroes. This direct feedforward perfect tracking scheme is represented in Fig. 1 . As most plants are strictly proper systems, the direct inverse system G Ϫ1 (z) is non-causal. To evaluate a non-causal system, the reference signal r(t) has to be known in advance for at least a few sampling intervals. This is fortunately the case in machine tool tracking control, where the reference signal r(t) is completely known in advance.
In the absence of disturbances, i.e., D(z)ϭ0 in Fig. 1 , the direct feedforward PTC approach yields an overall transfer function equal to 1, which is too ideal to be realistic. In fact, this open-loop approach is rarely implemented in practice due to at least two problems:
1. Most plants are subject to some external disturbance d(k) at their input, directly influencing the output y(k); 2. Most plants are subject to changing operating conditions, influencing the plant dynamics. This is referred to as the model uncertainty problem.
To solve the first problem, a feedback loop enclosing the plant and the external disturbance d(k) is added, aiming to minimizing the influence of the disturbance. A feedforward controller is then used as a pre-filter for the reference input signal to compensate for the phase lag of the feedback system and consequently achieve a good tracking performance. This is the approach of tracking system synthesis with a feedforward/feedback combination.
Assuming that a state feedback controller is applied to a system with input disturbance, the feedforward/feedback approach can be analyzed in the following way:
The system dynamics including the disturbance can be written as:
The control law u(k) with state feedback and feedforward control is given in the z-domain by:
where K 1 is the state feedback gain, and K 2 (z) the feedforward pre-filter. The control system is illustrated in Fig. 2 and the system output is given by Eq. ͑3͒:
It can be seen from Eq. ͑3͒ that, by selecting a suitable state feedback gain K 1 , the influence of disturbance d(k) to the system output can be attenuated appropriately. A perfect tracking controller can be realized by taking K 2 (z) to be the inverse of the closedloop part C(zIϪAϩBK 1 ) Ϫ1 B. However, if non-minimum-phase zeroes are presented in the closed-loop system, K 2 (z) would be-
come an unstable pre-filter, which is undesirable. Many feedforward design methods are available to deal with this problem. Most of them apply an approximation method to replace the unstable poles in the feedforward controller. A detailed discussion on this issue is out of the scope of this paper, and the interested reader is referred to Chen et al. ͓1͔, Gross et al. ͓2͔, Tomizuka ͓3͔, and Torfs et al. ͓4͔. From the above discussion, it seems that the input disturbance problem can be solved. But what if the plant dynamics have changed? The feedback gain K 1 may not be able to attenuate the external disturbance d (k) , and the inverse model K 2 (z), which is designed based on the plant model, cannot be used to achieve a good tracking performance. So, if the model uncertainty problem cannot be solved, then the feedforward/feedback combination approach cannot give a robust tracking performance. This paper proposes a feedforward/feedback combination with sliding-mode control. It can be proven that once a quasi sliding mode is established around a switching surface, the feedback loop will be independent from the plant model. Hence a feedforward controller K 2 (z) will be independent from the plant model and robust perfect tracking performance can be achieved.
Section 2 introduces the sliding-mode control technique in general, and the design method of reaching law ͑also called asymptotic accessing law͒ is discussed in particular. We propose an integrated method to design the reaching law and the switching surface. Conditions on the establishment of a quasi-sliding mode for discrete-time system are discussed in Section 3. The plant model independence of the closed-loop transfer function with sliding-mode control is proven in Section 4. The feedforward controller based on this closed-loop transfer function is then designed, and the robustness of the tracking system is guaranteed. In Section 5, this robust tracking controller is implemented on a DSP controller board for tracking a typical trajectory using a stage driven by a linear motor. Some conclusions are drawn in Section 6.
Design a Sliding-Mode Controller With Reaching Law Method
A sliding-mode controller uses a discontinuous control action to force the system states to reach, and subsequently remain on a pre-defined switching surface in the state space. The dynamics of the state trajectory on the switching surface is referred to as sliding mode. A commonly used switching surface is:
where C sl is a constant vector. The value of s(t), evaluated at any state x(t), is nothing else than a measure of the distance of x(t) in the state space to the switching surface s(t)ϭ0. Many design methods have been proposed since the slidingmode control technique was introduced, see Utkin ͓5͔, Gao et al. ͓6͔, and Hung et al. ͓7͔ . One of these methods is the so called reaching law method, which was first introduced by Gao et al. ͓6͔ for continuous-time systems.
A reaching law is in fact a differential equation describing the evolution of the distance s(t) under sliding-mode control. The control law is designed to satisfy a prescribed reaching law. Gao et al. ͓6͔ have proposed some simple reaching laws, such as:
in which ⑀Ͼ0, corresponding to a reaching law with constant reaching speed ⑀, and ṡ ϭϪ⑀sign͑s ͒Ϫqs (6) in which ⑀Ͼ0, qу0, corresponding to a reaching law with the distance s(t) decaying exponentially with time factor q. The second reaching law ͑6͒ is preferred because it implies a strong reachability condition ṡ sϽϪ⑀͉s͉, and guarantees an ideal sliding motion, according to Edwards et al. ͓8͔ . The discrete-time equivalent of the reaching law in Eq. ͑6͒ can be achieved by approximating the time derivative by Euler's forward difference approximation, and yields the following discrete-time reaching law:
where TϾ0 is the sampling period and ⑀Ͼ0, qу0 such that 0 Ͻ(1ϪqT)Ͻ1, Gao et al. ͓9͔. (7) is respected, and at any sampling period ͉s(k)͉Ͼ⑀T/1ϪqT, then ͉s(kϩ1)͉Ͻ͉s(k)͉.
Theorem 1. If the reaching law in Eq.
Proof: 
is outside the switching boundary, the state trajectory will only approach the switching surface in the next sampling period, but will not cross this surface; 4. Once s(k) enters into the switching boundary, the state trajectory will cross the switching surface in the next sampling period, and remain inside a narrower boundary layer: ͉s͑k͉͒Ͻ⑀T (9) Eq. ͑9͒ is called the quasi-sliding mode band ͑QSMB͒, see Gao et al. ͓9͔;  Proof:
In conclusion, ͉s(kϩ1)͉Ͻ⑀T. Q.E.D. Gao et al. ͓9͔ proposed a discrete-time sliding-mode controller design, which determines the switching function s͑k͒ and the reaching law separately. In this paper, we propose an integrated design procedure in which the switching function and the time factor q can be determined at the same time. Also the dynamics of the closed-loop system with sliding-mode control can be understood through this procedure. The width of the QSMB in Eq. ͑9͒ needs to be determined separately.
Consider again the plant model in Eq. ͑1͒, but without disturbance:
The switching function in discrete time is:
To satisfy the reaching law in Eq. ͑7͒, we have:
Solving the above equation for the command signal u(k) yields:
The control law in Eq. ͑12͒ is of the state feedback type in general, with an additional discontinuous part. If we note that:
and
the command signal in Eq. ͑12͒ can be rewritten as:
Now the closed-loop system can be found by substituting Eq. ͑15͒ into Eq. ͑10͒, which results in:
For convenience of the discussion below, we define:
The closed-loop system is an autonomous system, whose dynamics are determined by its system matrix A w , in spite of the nonlinear part B⌬ sl sign͓s(k)͔. The condition for convergence of x(k) in Eq. ͑16͒ is the same as its linear part, namely all the eigenvalues of A w must lie inside the unit circle.
The eigenvalues of the matrix A w are determined by the choice of the switching function C sl and the time factor q in the reaching law ͑6͒. The design process for the parameters q in the reaching law Eq. ͑7͒ and C sl in the switching function Eq. ͑11͒ may start from choosing suitable eigenvalues for the matrix A w , taking into account that (1ϪqT) should be one of them, and 0Ͻ(1ϪqT)Ͻ1. The rest of the eigenvalues may be used to determine the vector C sl .
Assertion. (1ϪqT) is one of the eigenvalues of matrix
The choice of the parameter ⑀ will decide the width of the quasi-sliding mode band Eq. ͑9͒.
Conditions for Establishing a Quasi-Sliding Mode
Until now, the control law is designed for the nominal plant model ͑10͒. In the following, the control law for the uncertain and disturbed plant model will be discussed.
We suppose that the uncertain and disturbed plant can be modelled as:
Designing a control law with reaching law method for model ͑18͒ yields:
This control law is not implementable because the ⌬A and f (k) are generally unknown. However, we may assume that the upper and lower bounds of ͓C sl ⌬Ax(k)ϩC sl P f (k)͔ are known:
This control law can be modified as:
The control law in Eq. ͑21͒ only guarantees that ͓s(kϩ1) Ϫs(k)͔s(k)Ͻ0, which is not sufficient for a quasi-sliding mode, Milosevljvic ͓12͔. It is pointed out by Bartoszewicz ͓11͔ that the control law in ͑21͒ only guarantees a discrete sliding mode if:
The resulting QSMB equals: ( 24) with ⌬ sl ϭ(C sl B) Ϫ1 ⑀ T. The selection of the parameter ⑀ is usually a trade-off between width of the quasi-sliding mode band and robust performance of the system under model uncertainties and disturbances.
Design of a Robust Feedforward Controller
As already discussed in Section 1, the synthesis of a feedforward controller is usually realized by inverting the closed-loop transfer function of the plant. If the closed-loop transfer function is depending on the plant model, which is the case for most feedback design approaches, then it will be subject to model uncertainties, yields a feedforward which is not robust, even with a robust design in the closed-loop.
In this section, we show that the closed-loop model of a system with a sliding-mode controller is independent of the plant model. The proof is based on the representation of the plant model in the controller canonic form.
Assume that the plant dynamics can be represented by a strictly proper n th -order discrete-time transfer function:
This transfer function model can be easily converted into the controller canonic form in state space, yielding the following state space model matrices A, B, and C in Eq. ͑10͒:
Assuming that the vector C sl of the switching function Eq. ͑11͒ is:
the closed-loop system matrix A w in Eq. ͑17͒ equals:
. n, and c nϩ1 ϭ0
Notice that Eq. ͑28͒ contains only the parameters C sl of the switching function and q of the reaching law. Now consider the feedback control law Eq. ͑24͒. When the plant state is driven into the quasi-sliding bound, the discontinuous part ⌬ sl sign͓s(k)͔ will change its sign in each successive step, so that the average control action during the quasi-sliding mode is a simple state feedback controller, with an average closed-loop transfer function:
It should be clear that, as the closed-loop system matrix A w in Eq. ͑28͒ is independent of the plant model system matrix A, the closed-loop transfer function T c (z) in Eq. ͑29͒ is also independent of the plant model system matrix A. The plant model output matrix C will have a direct influence on T c (z). Furthermore, if a plant model is written in a controller canonic form, the plant model transfer function poles are determined by the system matrix A, and the plant model transfer function zeroes are determined by the output matrix C. As a result, the plant poles have no influence to T c (z), and the plant zeroes do have direct influence on it.
The design of a feedforward controller is trivial. The direct inverse of the closed-loop transfer function will result in a noncausal controller T c (z)
Ϫ1 . Taking into account that the reference trajectory r(k) is usually known in advance, the implementation of a non-causal controller is possible. As the vector C of the plant model remains intact in the closed-loop system, the zeroes of the plant model will be kept in the closed-loop system. In case the plant model contains any non-minimum phase zero, the closedloop may not be inverted directly, and methods described in Tomizuka ͓3͔, Torfs et al. ͓4͔, Chen et al. ͓1͔ and Gross et al. ͓2͔ could be used.
The robustness of a feedforward controller designed in this section is clear because it is more dependent on the design parameters in the closed-loop system than on the plant model itself.
Application to a Stage Driven by a Linear Motor
The feedforward/feedback tracking control approach explained in this paper is applied to a test setup of a stage driven by a linear synchronous motor, as shown in Fig. 3 . The test setup consists of a linear motor, driving a mass guided by two guideways. One of The controller canonic form in state space of this transfer function is described by:
A w in Eq. ͑28͒ equals:
Assigning the eigenvalues of matrix A w in Eq. ͑32͒ at ͓0.2 0.3͔ yields:
We are free to let c 1 ϭ1 because, to determine the switching line, only the ratio of Ϫc 1 /c 2 , which is the slope of the switching line, is important.
The tuning of the parameter ⑀ in Eq. ͑24͒ is a trade-off between the width of a quasi-sliding mode band and better robustness against model uncertainty and disturbance. For our test setup, we chose ⑀ ϭ1.
The closed-loop transfer function, according to Eq. ͑29͒, equals:
The design of the feedforward part is trivial. The feedforward controller is given by directly inverting T c (z) in Eq. ͑34͒:
The serial connection of the feedforward controller K 2 (z) in Eq. ͑35͒ and the closed-loop transfer function in Eq. ͑34͒ yields the total tracking controller. This tracking controller is tested by tracking a typical reference trajectory: a 9th-order polynomial trajectory with stroke of 200 mm, maximum velocity 0.44 m/s and maximum acceleration 2.42 m/s 2 . The moving mass of the stage is 12 kg. In machine tool operation, the mass of the moving part changes very often. So, to test the robustness of the tracking controller against the plant model uncertainty, some extra mass of 17 kg is added on the stage. The same reference trajectory is tracked for different stage masses and the tracking error are recorded. The tracking error do not change very much for different stage masses, as shown in Figs. 4 and 5.
The tracking performance can still be improved if the cogging and force ripple of the linear motor are also compensated. One of the methods is a model based feedforward compensation, as demonstrated by Van den Braembussche ͓13͔, in which an additional command is added to the command signal by using a cogging and force ripple model of the linear motor.
Conclusion
In this paper, we have presented a robust method to design a feedforward tracking controller in combination with a slidingmode controller. The sliding-mode controller is in principle a feedback controller. By writing the plant model in state space controller canonic form, it is possible to have a closed-loop transfer function independent from the plant model, and based on this closed-loop transfer function, a robust feedforward controller can be designed.
We have used the reaching law method, first introduced by Gao et al. ͓6͔, to design the sliding-mode controller. Different from the design procedure for a discrete-time sliding-mode controller with reaching law method provided by Gao et al. ͓9͔, we have used an integrated method in which the parameters of the reaching law and the switching function can be designed at the same time. This method also provides a clear understanding of the closed-loop performance of the designed sliding-mode controller.
The closed-loop system with sliding-mode control has an average transfer function that is independent from the plant model when quasi-sliding mode is established. However, the presence of model uncertainty and disturbances may cause problems to reach a quasi-sliding mode. What the sufficient conditions are for reaching a quasi-sliding mode is still an open question. 
